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a b s t r a c t

A fast learning neuroevolutionary algorithm for both feedforward and recurrent networks is proposed.
The method is inspired by the well known and highly effective Cartesian genetic programming (CGP)
technique. The proposed method is called the CGP-based Artificial Neural Network (CGPANN). The basic
idea is to replace each computational node in CGP with an artificial neuron, thus producing an artificial

been tested on a standard benchmark control problem: single and double pole for both Markovian and
non-Markovian cases. Results demonstrate that the method can generate effective neural architectures in
substantially fewer evaluations in comparison to previously published neuroevolutionary techniques. In
addition, the evolved networks show improved generalization and robustness in comparison with other
techniques. Secondly, we have explored the capabilities of CGPANNs for the diagnosis of Breast Cancer
from the FNA (Finite Needle Aspiration) data samples. The results demonstrate that the proposed
algorithm gives 99.5% accurate results, thus making it an excellent choice for pattern recognitions in
medical diagnosis, owing to its properties of fast learning and accuracy.

The power of a CGP based ANN is its representation which leads to an efficient evolutionary search of
suitable topologies. This opens new avenues for applying the proposed technique to other linear/non-
linear and Markovian/non-Markovian control and pattern recognition problems.

& 2013 Elsevier B.V. All rights reserved.
1. Introduction

Artificial neural networks (ANNs) not only have the ability to
extract information from complex data but also have the potential
to resolve linear/non-linear problems in fields such as chemical
processes, control, robotics, pattern recognition, computer vision,
oil and gas, etc. [1–3].

Control Systems are conventionally developed by constructing
a mathematical model that represents all dynamics of the system
[4]. However, some systems that are complex and non-linear
cannot be mathematically modeled, as there are no standard and
conventional procedures to represent them. Thus the efficient
design and development of a controller becomes difficult. Intelli-
gent control is an unconventional process that provides the
flexibility of generating abstract models without any indication
of hidden dynamics of the system.

One training method used in ANNs is a genetic algorithm. This is
broadly known as neuroevolution. For decades, the performance of
the neuroevolutionary algorithms has been tested on the non-linear
ll rights reserved.

+92 91 9216663.
control problem e.g. developing linear and non-linear controller of a
standard benchmark problem ‘the inverted pendulum’ for multiple
scenarios of poles, optimum localization of mobile robots, auto-pilot
helicopter or aircraft controller, automobile crash warning system,
rocket control, routing over a data network, coordinating multi-rover
systems, time-series prediction, lung sound detection, speech recog-
nition, chemical processes and manufacturing, and the octopus arm
task [5–11]. Many of the developed controllers have been found
efficient and useful when compared to the controllers developed by
conventional methods.

Genetic Programming is a form of automatic program induction
where evolutionary algorithms are used to build computer programs
and complex data structures [12–14]. In this paper, we are using a
graph based form of genetic programming called Cartesian genetic
programming (CGP) [15–17]. CGP has been explored in a range of
diverse application domain and has shown to produce competitive
performance [16,18–22]. A powerful aspect of CGP is its representa-
tion of graphs coupled with a high degree of genetic redundancy.

We have adapted CGP for representation and evolution of
neural networks. We call our neuroevolutionary technique, CGP
artificial neural networks (CGPANNs). Both feedforward and
recurrent representations are examined. It is applied on a standard
benchmark problem—pole balancing ranging from a simple setup
to extremely difficult versions. The results obtained demonstrate that
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the proposed technique has a fast learning capability as it consis-
tently outperforms all the previous methods explored to date.

The CGPANN technique is also applied to the problem of
detecting breast cancer. Features from breast mass are extracted
using fine needle aspiration (FNA) and the information is applied
as input to CGPANN. FNA data available at the Wisconsin Diag-
nostic Breast Cancer web site is used for training and testing the
network capabilities. The system developed produces fast and
accurate results when compared to contemporary work done in
the field. The error of the model comes out to be as low as 1% for
Type-I (wrongly classifying benign samples as malignant) and 0.5%
for Type- II (wrongly classifying malignant samples as benign). The
paper is organized as follows. Section 2 is an overview of
neuroevolution and the different algorithms developed so far.
Section 3 describes the background information on Cartesian
genetic programming. Section 4 describes the neuroevolutionary
algorithm based on Cartesian genetic programming in detail.
Section 5 describes the algorithm applied on the standard bench-
mark problems i.e. single and double pole balancing tasks along
with simulation, analysis and results. Section 6 represents in detail
the performance of the algorithm on the diagnosis of breast
cancer. Section 8 concludes with discussions and future work.
2. Neuroevolution

Artificial neural networks (ANNs) are computational systems
that map complex relationships between inputs and outputs. They
are made up of interconnected nodes (neurons) and weighted
connections. The properties of these nodes are inspired by
biological neurons, and can exhibit complex global behaviour.

A number of evolutionary algorithms have been applied in the
past decade to evolve either weights, topology or both of the
parameters of artificial neural networks also known as TWEANN
(Topology and Weight Evolving Artificial Neural Network). TWEANN
algorithms can be ‘direct’ encoding schemes with the genotype
representing all connections and nodes that appear in the phenotype,
or they can be ‘indirect’ where the genotype specifies the rules for
constructing the phenotype. Direct encodings are generally better at
fine tuning and generating compact architectures [23–30], whereas
indirect encodings are better at finding a particular type of ANN
architecture (i.e. topology) [23,31–34].

Yao reviewed different combinations of ANNs and evolutionary
algorithms (EAs) that evolved ANN connectionweights, architectures,
learning rules, and input features [35]. He used both direct and
indirect encoding scheme and pointed out that the direct encoding
scheme of ANN architectures is very good at fine tuning and
generating a compact architecture, whereas the indirect encoding
scheme is suitable for finding a particular type of ANN architecture
quickly. In further analysis, he identified that separating the evolution
of architectures and connection weights can cause fitness evaluation
to mislead evolution, whereas simultaneous evolution of ANN
architectures and connection weights produces better results [35].

In symbiotic adaptive neural evolution (SANE), the neuron
population along with the representations of network topologies
are evolved together. SANE has successfully been applied to pole
balancing task obtaining the desired behaviour within relatively
few evaluations [10]. ESP referring to enforced subpopulations is
an extension to SANE where instead of one population of neurons,
a subpopulation of hidden layer neurons is evolved. This has
produced better results than SANE [36].

In conventional neuroevolution (CNE) a genotype represents
the whole neural network similar to Wieland's algorithm [37]. It
uses rank selection and burst mutation. The conventional algo-
rithm has advantages over ESP as it evolves genotypes at the entire
network level rather than neuron level, thus allowing potential
global solutions to be found for a predefined network topology
and size.

Cooperative synapse neuroevolution (CoSyNE) evolves neural
network at the level of synaptic weights only. The CoSyNE
approach has been shown to out-perform all the previous
approaches on pole balancing problem [9,36].

Stanley presented a TWEANN, known as neuroevolution of
augmenting topologies (NEAT) [38]. NEAT was shown to perform
faster than many other neuro-evolutionary techniques. Unlike a
conventional neural network whose topology is defined by the user,
NEAT allows the user to evolve the network topology. Thus the
complexity of the network can change. The algorithm is notable in
that it evolves both network weights and structure, and efficiently
balances between the fitness and diversity of evolved solutions. NEAT
has also produced competitive results on pole balancing problem.

Cooperative co-evolution networks (COVNET) focus on the
evolution of co-adapted subcomponents. Instead of evolving
complete networks only subnetworks are evolved. COVNET uses
this technique and has been shown to produce better general-
ization and smaller networks [11].

Tsoy and Spitsyn introduced a neuroevolutionary algorithm
known as NeVA and applied it to the pole balancing problem. In
NeVA, adaptive mutation of connections and weights of a network
is performed [39].

Kazuhiro also looked at the pole balancing problem using
MBEANN (Mutation Based Evolutionary ANN), which is a TWEANN
algorithm where evolution is based on mutation only [40].

Continuous time recurrent neural networks (CTRNNs) are derived
from dynamical neuron models known as leaky integrators and their
behaviour is modeled mathematically using a system of differential
equations. It is an intermediate step between sigmoidal and spiking
neuron. Angeline et al. [41] evolve both the weights and topology of
CTRNNs and argued that this provides a number of advantages over
traditional approaches. In [42] CTRNNs are evolved using NEAT and
applied on the pole balancing problem. This produced better results
than the standard NEAT algorithm.

The HyperNEAT algorithm consists of a neural network called the
substrate comprising nodes that are connected together [43,44]. The
weights of these connections are encoded using another network
called CPPN (Compositional Pattern Production Network) which is
evolved using NEAT (Neuro-Evolution of Augmenting Topology) algo-
rithm. The inputs to CPPN are the coordinates of the nodes of the ANN
while the output is the weight of the connection between these nodes.
The output is in the form of a pattern in a four dimensional Hyper
cube, where pairs of dimensions correspond to the coordinates of the
source and target neurons. The HyperNEAT algorithm has features in
common with biological networks of neurons in which neurons
corresponding to neighboring sensors are located closer together.
Buk et al. [45] compared the evolutionary computation technique of
Hyper NEAT with the modified form of it which they named HyperGP.
In HyperGP the CPPN is evolved using Genetic Programming. While
the desired fitness reached by evolving the weights of the ANN using
NEAT algorithm in CPPN takes 92 generations, the same fitness is
achieved with GP for the same population size in only 20 generations.
Risi et al. [46] developed a new form of HyperNEAT called ES-
HyperNEAT in which the number and location of nodes is decided
by the algorithm. This differs from the original HyperNEAT which
consists of fixed substrate where the number of hidden nodes is
decided a priori, while only the connection weights are evolved by
CPPN. In ES-HyperNEAT the locations of these nodes are determined
by finding the variance of weights throughout the substrate. Nodes are
automatically removed from the substrate at locations that have a
variance lower than a threshold. Thus the algorithm takes care of the
number of nodes and their associated weights.

Pujol and Poli used a form of Genetic Programming (GP) called
Parallel Distributed GP (PDGP) to evolve weights, topology and
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activation functions of ANNs. PDGP is a graph-based representation
of programs [47]. They tested the system on a variety of computa-
tional problems, including the development of a neural controller for
the pole balancing problem with promising results [48].

Interestingly, recently Poli and Graf have shown that there are
“Free Lunches for Neural Network Search” so that “…not all algorithms
are equally good at finding neural networks that solve problems under
all possible performance measures: a superior search algorithm for
this domain does exist.” [49]. This strongly motivates the search for
more effective algorithms for designing ANNs.
3. Cartesian genetic programming

CGP programs are represented in the form of directed acyclic
graphs. These graphs are represented as a two dimensional grid of
computational nodes. The genes that make up the genotype in CGP are
integers that represent where a node gets its data, what operations the
node performs on the data, and where the output data required by the
user is to be obtained. When the genotype is decoded, some nodes
may be ignored. This happens when node outputs are not used in the
calculation of output data. We refer to such nodes and their genes as
‘non-coding’. We call the graph that results from the decoding of the
genotype, a phenotype. The genotype in CGP has a fixed length.
However, the size of the phenotype (in terms of number of computa-
tional nodes) can be anything from zero nodes to the number of nodes
defined in the genotype. The types of computational node functions
used in CGP is decided by the user and are listed in a function look-up
table. Later, we discuss how CGP can be used to evolve neural
networks, and use two possible functions sigmoid or hyperbolic
tangent. In CGP, each node represents a particular function and is
encoded by a number of genes. The function gene is the address of the
computational node function in the function look-up table. The
remaining node genes say where the node gets its data from. We call
these connection genes. Nodes take their inputs in a feed forward
manner from either the output of nodes in a previous column or from
a program input. The number of connection genes a node has is
chosen to be the maximum number of inputs (often called arity) that
any function in the function look-up table has. The program data
inputs are given the absolute data addresses 0 to ni−1 where ni is the
number of program inputs. The data outputs of nodes in the genotype
are given sequentially addresses, column by column, starting from ni
to ni þ Ln−1 where Ln is the user-determined upper bound of the
number of nodes. The general form of a Cartesian Genetic Program is
shown in Fig. 1. In general, there may be a number of output genes (Oi)
which specify where the program outputs are taken from. Each of
these is an address of a node where the program output data is taken
from. Nodes in columns cannot be connected to each other. The graph
is directed and feed-forward this means that a node may only have its
inputs connected to either input data or the output of a node in a
previous column. The structure of the genotype is shown below the
schematic in Fig. 1.

CGP has three parameters that are chosen by the user. These
are number of columns, number of rows, levels-back. The latter
controls the connectivity of the graph encoded. If it is one, a node
can only get its inputs from a node in the column on its immediate
left or from a primary input. If one wishes to allow nodes to
connect to any nodes on their left then levels-back is set to the
number of columns.

The values that genes can take (i.e. alleles) in CGP are highly
constrained. When genotypes are initialized or mutated, these
constraints should be obeyed. First of all, the alleles of function
genes must take valid address values in the lookup table of
primitive functions. In feed forward graphs the values taken by
the connection genes must be such that they refer to the outputs
of nodes in previous columns (or inputs). They also must obey the
constraints imposed by the level-back parameter. Note that con-
nection to inputs are usually allowed to disobey this constraint.

3.1. Example of CGP genotype and phenotype

We give a simple example of CGP in Fig. 2 where Fig. 2(a) shows a
2�2 (rows� columns) genotype for a problem with 2 binary inputs
and 1 binary output. The functions used are logical ‘OR’ and logical
‘AND’. The user defined parameter (arity) indicating the number of
node inputs is set to 2 in this example. Fig. 2(b) shows the graphical
representation of the genotype in Fig. 2 and shows how the genotype
in (a) is decoded. The output gene 5 dictates that the node whose
output label is 5 is selected as the output of the network. The
genotype represents the equation, Y ¼ x0 � x1 þ x1, where ‘ � ’ repre-
sents the logical AND operation and ‘+’ the logical OR. In the example
nodes with outputs 2 and 4 are both non-coding.

3.2. Evolution of CGP genotypes

The mutation operator used in CGP is a point-mutation operator.
In point mutation the allele at a randomly chosen gene location is
changed to another valid random value. If a function gene is chosen
for mutation, then a valid value is the address of any function in the
function set. Whereas, if an input gene is chosen for mutation, then a
valid value would be the address of the output of any previous node
in the genotype or of any program input. Also, a valid value for a
program output gene is the address of the output of any node in the
genotype or the address of a program input. The number of genes in
the genotype that can be mutated in a single application of the
mutation operator is defined by the user, and is normally a
percentage of the total number of genes in the genotype. We refer
to the latter as mutation rate and use the symbol μr to represent it.

A variant on a simple evolutionary algorithm known as a 1þ λ
evolutionary algorithm [50] is widely used for CGP. Usually λ is
chosen to be 4. This has the form shown in procedure 1. On line 10 of
Procedure 1 there is an extra condition that when offspring geno-
types in the population have the same fitness as the parent and there
is no offspring that is better than the parent. In that case an offspring
is chosen as the new parent. This is a very important feature of the
algorithm which makes good use of redundancy in CGP genotypes.
Inactive genes have a neutral effect on genotype fitness. CGP
genotypes are dominated by redundant genes. The influence of
redundancy in CGP has been investigated in detail [17,51–53] and
has been shown to be extremely beneficial to the efficiency of
evolutionary process on a range of test problems.

Algorithm 1. The (1+4) evolutionary strategy.

1: for all i such that 0≤io5 do
2: Randomly generate individual i
3: end for
4: Select the fittest individual, which is promoted as the
parent
5: while a solution is not found or the generation limit is not
reached do
6: for all i such that 0≤io4 do
7: Mutate the parent to generate offspring i
8: end for
9: Generate the fittest individual using the following rules:
10: if an offspring genotype has a better or equal fitness
than the parent then
11: Offspring genotype is chosen as fittest
12: else
13: The parent chromosome remains the fittest
14: end if
15: end while
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4. Cartesian genetic programming-based artificial neural

networks

This section describes a neuroevolutionary algorithm that
exploits the representation of CGP in generating artificial neural
architecture.

Feed forward and recurrent architectures are evolved based on
Cartesian genetic programming hereby known as FCGPANN and
RCGPANN. Both the architectures follow a direct encoding strategy
in which topology, weight and functions are encoded in one
genotype. This is evolved to obtain a good topology, possible
weights and combination of functions. So the genotype described
in Section 3 has been augmented with genes representing the
weights of connection and switch genes representing whether or
not the connection is considered present. Also the node functions
have been chosen to be one of two, a sigmoid or a hyperbolic
tangent. When weights are mutated, a new real number random
value is generated within the range [−1,1]. When a switch gene is
mutated its binary value is inverted.

In general TWEANN algorithms are either constructive or
destructive [35]. FCGPANN and RCGPANN are both constructive
and destructive algorithms. The network derived constitutes
neurons that are not fully connected. They begin with random
topological features and evolution removes and adds new features.
It does so by mutating functions, connections, weights, switches
and outputs. Mutations to connections and switches can make a
large range of changes to the topology of the encoded ANN. The
mutations may include previously unconnected neurons (together

the two program inputs. In the equation, + represent OR and � represents AND. (a)
Genotype, (b) Decoding and (c) Phenotype.
with their weighted connections) or it may disconnect groups of
neurons. The various topologies that are explored by evolution
using the CGP representation can be highly variable. In addition
the program input(s) are not necessarily supplied to every neuron
in the input layer (some inputs can be supplied multiple times to
the same neuron), this is different from traditional ANN
architectures.

4.1. Feed forward Cartesian genetic programming evolved ANN

The FCGPANN genotype consists of the genes of nodes, where
each node corresponds to a neuron of ANN and an output gene
that determines which neuron provides the network output. The
node includes input signals, weights, switches and function as
shown in Fig. 3(a). As in CGP, inputs to nodes can be primary
network inputs or inputs from the previous nodes (ones in
previous columns). When the genotype is decoded we draw an
array of nodes (as in Fig. 3(b)) in which we indicate where the
signal inputs to the node come from. The symbols for the weights
and switches can be inferred from the indices of the node inputs.
So, for instance, the weight of the connection between the node
with output ψn and the node providing its input ψm is wmn. Note
that if m is less than the number of external inputs then ψm

denotes an external input, which we denote by xm.
Input signals, weight and switch genes corresponding to an

input are multiplied for all of the connected inputs and a summa-
tion is taken for all products. The number of products is dictated
by the arity of the node function, which is a user defined
parameter. The summation becomes the argument of the node
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neuron function. In the work we report here we used only two
functions, either hyperbolic tangent or sigmoid, but in practice
other functions can be easily accommodated. Using different
functions helps not only in quickly finding solution but also assists
in generating diverse solutions to the same problem.

Fig. 4(a) is a genotype of an FCGPANN structure with two inputs
x0 and x1. Each gi represents a triple of genes for each input to the
neuron. The output of the network is taken from the node labelled
5. Fig. 4(b) shows the decoding of the genotype in Fig. 4(a). ψ5

corresponds to the node labelled 5 which is the output of the
genotype. This node only refers to one previous node (node 2—
represented as ψ2). Thus only two nodes are used (active) in the
computation of the output. Fig. 4(c) displays the phenotype
corresponding to the genotype. Eqs. (1) and (2) are the mathema-
tical representation of the network in Fig. 4(c) where Eq. (2) shows
the output of the FCGPANN network:

ψ2 ¼ sigmoidðx0 �w02 � s02 þ x1 �w12 � s12Þ ð1Þ

ψ5 ¼ tanhðψ2 �w25 � s25 þ x1 �w15 � s15Þ ð2Þ

4.2. Recurrent Cartesian genetic programming evolved ANNs

In order to capture a larger domain of systems that are dynamic
and non-linear, the need for recurrent networks becomes essential.
This section describes how recurrent neural networks can be evolved
using the representation of Cartesian genetic programming.

The recurrent network produced is based on one of the earliest
networks namely the ‘Jordan Network’ [54]. In this network the
outputs are fed back into the input layer through sets of extra
inputs called the ‘state units’. The number of state units is
equivalent to the number of outputs in the system. The connection
from the output to the state unit has a fixed weight of +1. Learning
takes place by updating the weights and switches between input,
hidden and the output layer. It is to be noted that the state unit is
only connected to the first layer.

In this paper a variant of Jordan network is proposed which
involves connecting state unit inputs to any layer. Moreover a non-
linear activation function is used at the state unit. The modified
state unit is then tested by mutating different combination of
weights and switches as explained in detail in Section 5.3. Like the
FCGPANN genotype, the RCGPANN genotype also consists of nodes
that represent neurons of ANN. The only difference is that the
output of the network is fed back as an additional input. In this
case, we assigned the node arity to be the number of primary
inputs plus one. RCGPANNs differ from Jordan networks as we
relaxed the condition that the state unit input is only used by the
first layer (column) of nodes. Nodes in other layers (i.e. other
than 1) can have zero or more feedback inputs. Moreover we have
used a hyperbolic tangent function as our activation function in
the state unit which is explained further in the example in Fig. 5.

Fig. 5(a) represents an RCGPANN genotype with primary inputs
x0, x1 and a feedback input x2. The node labelled 6 is the output of
the network. This node serves as a feedback to the system. The
initial value of this node is taken as zero. Fig. 5(b) displays the
decoded genotype of Fig. 5(a). ψ6 represents the output node. The
node consists of input from a previous node ψ3, a primary input of
the system x1 and feeback input x2. From Fig. 5 it is clear that the
state unit has two inputs: one is the output of the system and the
other is the previous output of the state unit. This is mathemati-
cally expressed in Eq. (3) for the given genotype in Fig. 5(a) as

x2 ¼ tanhðx6 þ x2ðt−1ÞÞ ð3Þ

The graphical representation of the decoded genotype is expressed
in Fig. 5(c). This phenotype can be mathematically described using
Eqs. (4) and (5).

ψ3 ¼ sigmoidðx0 �w03 � s03 þ x1 �w13 � s13 þ x2 �w23 � s23Þ ð4Þ

ψ6 ¼ tanhðψ3 �w36 � s36 þ x1 �w16 � s16 þ x2 �w26 � s26Þ ð5Þ

The proposed neuroevolutionary algorithms (FCGPANN and
RCGPANN) are investigated to check their capabilities as detailed
in Section 5.
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5. Case study-I: Pole balancing

Pole balancing is a standard benchmark problem from the field
of control theory and artificial neural networks. The aim is to
design controllers for unstable and non-linear systems [55,56].
Single pole balancing consists of a single pole while double pole
balancing requires balancing two poles. The poles are attached to
the wheeled cart by a hinge. The length of the track the cart can
move on is limited to −2:4oxo þ 2:4. The objective is to apply
force ‘F’ to the cart in such a way that the angle of the pole should
obey the following constraints: −121oθ1o þ 121 for the single
pole and −361oθ1;2o þ 361 for the double poles. Also the cart is
confined to a finite length track (see Tables 1 and 2). The controller
has to balance the pole(s) for approximately 30 min which
corresponds to 100 000 time steps. Thus the neural network must
apply force to the cart to keep the pole(s) balanced for as long as
possible where any force ‘F’ greater than or equal to zero is
assumed to correspond to +10 N and ‘F’ less than zero corresponds
to −10 N. The system inputs are the pole-angle(s) θi, the angular
velocity of pole(s) _θi , the position of cart x and the velocity of
cart _x. Where for single pole balancing i is 1 and for double pole
balancing i is 1 or 2. Fig. 6 shows the single and double pole
balancing scenarios.

Tables 1 and 2 display the standard numerical values used for
simulating the single and double pole-balancing problems.
Table 1
Parameters for single pole balancing task.

Parameters Value

Mass of cart (mc) 1 Kg
Mass of Pole (mp1) 10 Kg
Length of Pole (l1) 0.5 m
Width of the Track (h) 4.8 m

Table 2
Parameters for double pole balancing task.

Parameters Value

Mass of cart (mc) 1 Kg
Mass of Poles (mp1,mp2) 0.01,10 Kg
Length of Poles (l1,l2) 0.05,0.5 m
Friction of the Poles (μp) 0.000002
Friction of the cart (μc) 0.0005
Width of the Track (h) 4.8 m

x

F mc

mp1, l1
�2

mp2, l2

x

F mc

mp1, l1
�1 �1

Fig. 6. (a) Single pole balancing, (b) double pole balancing.
Eqs. (6), (7), (8) and (9) are used to compute the effective mass
of poles, acceleration of poles, acceleration of cart, and effective
force on each pole, respectively. Eqs. (10), (11), (12) and (13)
calculate the next state of angle of poles, velocity of poles, position
of cart and velocity of the cart , respectively [55]:

m̂i ¼mi 1−
3
4

cos 2 θi

� �
ð6Þ

€θ i ¼ −
3
4li

€x cos θi þ g sin θi þ
μpi _θi
mili

 !
ð7Þ

€x ¼ F−μ sgnð _xÞ þ∑N
i ¼ 0F̂ i

M þ∑N
i ¼ 0m̂i

ð8Þ

F̂ i ¼miliθ2i sin θi þ
3
4
mi cos θi

μpiθ

mili
þ g sin θi

� �
ð9Þ

x½t þ 1� ¼ x½t� þ τ _x½t� ð10Þ

_x½t þ 1� ¼ _x½t� þ τ €x½t� ð11Þ

θi½t þ 1� ¼ θi½t� þ τ _θi ½t� ð12Þ

_θ i½t þ 1� ¼ _θ i½t� þ τ €θi ½t� ð13Þ
The proposed neuroevolutionary algorithm is used in the
following cases:

5.1. Single pole: Markovian and Non-Markovian

For single pole Markovian case, the network or controller has
access to all four inputs (x, _x, θ1, _θ1 ) while for the non-Markovian
case the number of inputs is reduced to two (x, θ1). Single pole
balancing is a linear problem.

5.2. Double poles: Markovian and Non-Markovian

In double pole balancing, for the Markovian case the network
has access to all six inputs (x, _x, θ1;2, _θ1;2) while for the non-
Markovian case the number of inputs is reduced to three (x, θ1, θ2).
Double pole balancing is a non-linear problem.

In both the cases, the networks are generated with initial input
values of zero or with random values of −0:25 radoθ1o0:25 rad
and −2:4oxo þ 2:4 for single pole and −0:6 radoθ1;2o0:6 rad
and −2:4oxo þ 2:4 for double poles.

5.3. Experimental setup

For the two cases, various FCGPANN and RCGPANN genotypes
of different network sizes with randomly generated connections,
weights, outputs and switches are created. Weights are randomly
produced between −1 and +1. The activation functions used are
sigmoid and tangent-hyperbolic. The percentage mutation rate of
μr ¼ 10 and μr ¼ 20 are used for all models. In all the experiments
levels-back was set equal to the number of columns. The perfor-
mance of the algorithm is based on the average number of
balancing attempts (evaluations) in 50 independent evolutionary
runs that resulted in the pole being balanced for over 100 000
time steps. It is to be noted that all runs ended in the pole(s) being
balanced.

For the RCGPANN networks evolution of the genotypes is
performed in four different ways to check the individual and
combined performance of the state unit switches and weight:
�
 In the first method (SW ′), we do not allow the weights of
connections of the state unit to be mutated.
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Tab
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Performance of RCGPANN on Single Pole—Markovian Case. Columns 4–6 show
average number of evaluations (50 runs). Figures in brackets are coefficient of
In the second method (S′W), we do not allow switching genes
referring to the state unit to be changed, but we allow weights
to change by mutation.
variation.
�

Network representation RCGPANN Average of
The third case (SW) we allow both weights and switching genes
to be altered by mutation.
(CV)
�

Initial
state

Network
arch.

Mutation
rate (%)

S′W ′ SW S′W SW ′

The final case (S′W ′) allows neither the weights nor switching
genes referring to the state unit to be changed by mutation.
Zero 5�5 10 42
(1.10)

43
(1.03)

35
(0.82)

44
(0.85)

0.94

10�10 10 30
(0.87)

31
(0.62)

28
(0.74)

26
(0.72)

0.73

15�15 10 34
(0.85)

28
(1.26)

17
(0.54)

28
(0.84)

0.87

5�5 20 45
(0.82)

33
(1.04)

33
(0.87)

38
(0.81)

0.88

10�10 20 35
(0.68)

32
(0.69)

27
(0.77)

29
(0.82)

0.93

15�15 20 30
(0.77)

23
(1.54)

23
(0.83)

28
(0.74)

0.76

Random 5�5 10 98
(1.20)

86
(1.15)

71
(1.05)

86
(0.9)

1.07

10�10 10 72
(1.04)

70
(0.80)

66
(1.21)

81
(1.44)

1.12

15�15 10 70
(0.85)

49
(0.79)

52
(0.98)

51
(1.37)

0.99

5�5 20 145
(1.93)

65
(0.84)

67
(0.95)

75
(1.30)

1.25

10�10 20 57
(1.07)

69
(1.16)

57
(0.88)

77
(0.92)

1.01

15�15 20 86
(0.98)

58
(0.91)

53
(1.03)

50
(0.88)

0.95

Table 5
Performance of RCGPANN on single pole—Non-Markovian Case. Columns 4–6 show
average number of evaluations (50 runs). Figures in brackets are coefficient of
variation.

Network representation RCGPANN Average
of (CV)

Initial
state

Network
arch.

Mutation
rate (%)

S′W ′ SW S′W SW ′

Zero 5�5 10 299
(2.90)

155
(2.16)

185
(1.90)

197
(1.89)

2.2

10�10 10 106
(1.37)

81
(1.86)

65
(1.05)

61
(0.86)

1.2

15�15 10 55
(0.83)

87
(1.42)

169
(3.90)

71
(0.74)

1.7

5�5 20 73
(1.66)

88
(0.79)

253
(3.11)

96
(0.91)

1.6

10�10 20 78
(1.22)

57
(0.88)

85
(1.24)

75
(1.06)

1.1

15�15 20 56 73 89 109 1.0
5.3.1. Single pole: Markovian and non-Markovian cases
We chose the number of evolved inputs that a neuron node can

have to be closely related to the number of network inputs. In the
Markovian case, the networks have four input variables: position
of cart x, angle of pole θ1, velocity of cart _x and the velocity of pole
_θ1 . So the neurons in the FCGPANN network for this case each have
four inputs [8] while in the RCGPANN network it was set to five.
The fifth input to the nodes in the first column is supplied with a
connection from the state unit. The layers following that might or
might not have a connection from the state unit.

In the non-Markovian case, the network has only two inputs:
position of cart x and the angle of pole θ1. So the number of node
inputs (arity) to each FCGPANN neuron was set at 2, while for the
RCGPANN it was set at 3, where, as usual, initially the third input in
the first column of neurons is always a connection to the state
unit. As the velocity information is not provided to the network,
the controller has to internally compute the velocities. The feed-
back connections are important to make this possible [36,10]. As
the velocity is obtained through differentiation of other para-
meters, and a differential equation cannot be solved without a
feedback connection, this is why feedforward networks are unable
to solve the problem when velocity information is not provided.

Tables 3–5 represent the comparison of the average number of
balancing attempts (evaluations) required to achieve a solution
under various conditions. Results are shown for cases where
network inputs are initialized to zero or with random values
within the range (as mentioned in Section 5). Various network
sizes and various mutation rates were also investigated. In these
tables we tabulate the average number of genotype evaluations
over 50 runs and also the coefficient of variation (CV). The CV is
the ratio of the standard deviation to the mean. It is a useful
statistic to calculate as it means that the variation in the results
can be compared without reference to the mean.

5.3.2. Double poles: Markovian and Non-Markovian cases
The double pole balancing involves balancing two poles rather

than a single pole thus making the problem non-linear. For the
Markovian case, the input parameters to the network are position
of cart x, angle of both the poles θ1;2, velocity of cart _x and the
le 3
formance of FCGPANN on single pole.

itial
ate

Network
arch.

Mutation
rate (%)

Av. No. Evaluations in 50 runs (coefficient
of variation)

ero 5�5 10 65(1.47)
10�10 10 41(1.65)
15�15 10 21(1.93)
5�5 20 35.48(1.08)
10�10 20 31.4(1.26)
15�15 20 25.32(0.98)

andom 5�5 10 477(1.57)
10�10 10 157(1.01)
15�15 10 113(0.81)
5�5 20 172(0.82)
10�10 20 97(0.86)
15�15 20 95.56(0.66)

(0.93) (0.81) (1.01) (1.25)

Random 5�5 10 1793
(4)

2541
(3.98)

781
(1.82)

528
(2.03)

2.9

10�10 10 400
(1.66)

497
(1.94)

369
(1.59)

309
(1.03)

1.5

15�15 10 269
(1.70)

241
(1.22)

477
(1.25)

505
(1.88)

1.5

5�5 20 723
(4.18)

449
(1.59)

717
(3.45)

421
(1.60)

2.7

10�10 20 215
(1.69)

343
(1.23)

281
(1.04)

351
(1.32)

1.3

15�15 20 238
(1.39)

335
(1.27)

310
(1.27)

363
(1.39)

1.3
velocity of both the poles _θ1;2. The input to each neuron is set to six
for the FCGPANN neuron [8] while it is taken as seven for the
RCGPANN neuron. As mentioned in Section 5.3.1, initially each of
the neuron(s) in the first column has an input connected to the



Table 6
Performance of FCGPANN on double pole.

Initial
state

Network
arch.

Mutation
rate (%)

Average number of evaluations
over 50 runs (coefficient of
variation)

Zero 5�5 10 205(1.26)
10�10 10 93(0.85)
15�15 10 77(2.27)
5�5 20 141(1.28)
10�10 20 97(1.96)
15�15 20 93(0.96)

Random 5�5 10 1183(3.54)
10�10 10 437(2.69)
15�15 10 181(1.75)
5�5 20 297(1.21)
10�10 20 205(1.08)
15�15 20 162(1.01)

Table 7
Performance of RCGPANN on double pole—Markovian case. Columns 4–6 show
average number of evaluations in 50 runs (coefficient of variation).

Network representation RCGPANN Average
of (CV)

Initial
state

Network
arch.

Mutation
rate (%)

S′W ′ SW S′W SW ′

Zero 5�5 10 229
(1.14)

181
(0.96)

290
(1.03)

342
(1.18)

1.8

10�10 10 213
(1.11)

129
(1.17)

329
(1.14)

417
(1.76)

1.3

15�15 10 197
(0.90)

178
(1.60)

349
(1.34)

255
(0.93)

1.1

5�5 20 309
(1.12)

239
(0.72)

333
(0.81)

453
(1.56)

1.4

10�10 20 289
(0.82)

239
(0.83)

354
(0.84)

649
(2.14)

0.95

15�15 20 224
(1.05)

173
(0.88)

661
(1.37)

541
(1.20)

1.1

Random 5�5 10 419
(1.62)

499
(2.92)

569
(1.67)

546
(1.16)

1.6

10�10 10 335
(1.17)

264
(1.62)

389
(1.01)

365
(1.2)

1.7

15�15 10 241
(1.03)

217
(1.16)

1065
(1.74)

277
(1.29)

1.3

5�5 20 314
(1.05)

436
(1.91)

1013
(1.85)

697
(1.71)

1.1

10�10 20 941
(2.61)

331
(1.14)

1153
(2.5)

1357
(1.50)

1.8

15�15 20 569
(1.41)

394
(2.09)

933
(1.32)

1393
(2.17)

1.5
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state unit. Note that the initial values of input to the state unit is
always taken as zero.

For the non-Markovian case, the input to the network is the
position of cart x and the angle of poles θ1;2. The input to each
FCGPANN neuron is set to three and an RCGPANN neuron is set to
four. Since the velocity information is not provided to the
controller, networks require feedback to compute the hidden
velocity information of the pole(s) and the cart [36,10].

The FCGPANN and the RCGPANN networks are trained inde-
pendently on the following two fitness functions: standard fitness
and the damping fitness function. In both single and double pole
balancing tasks, the standard fitness function is used to train the
FCGPANN and the RCGPANN networks under Markovian and non-
Markovian cases. While a damping fitness function is used on the
double poles non-Markovian case only.

The standard fitness function is the number of time steps the
network has kept the pole(s) balanced. The damping fitness
function devised by Gruau [34] uses two calculations based on
behaviour over 1000 time steps expressed by Eqs. (14) and (15).
Where all cart variables in Eq. (15) are normalized and f2 is always
capped at 1. The weighted sum in Eq. (16) is taken to compute the
overall fitness:

f 1 ¼
t

1000
ð14Þ

f 2 ¼
0 to100

0:75

∑t
i ¼ t−100ðjxij þ j _xij þ jθi2j þ j _θi2 jÞ

t≥100

8><
>: ð15Þ

f 3 ¼ 0:1f 1 þ 0:9f 2 ð16Þ
The intention of introducing the damping fitness function is to

force the network to generate internal velocity information and
also to penalize oscillations of the pole(s) [36,10].

The evolutionary algorithm used the 1+4-Evolutionary Strategy
as defined in procedure 1. We examined two evolutionary scenar-
ios using either the standard fitness function or the damping
fitness, in the latter case, a combination of both fitness functions is
used.

If a genotype, Gn, is obtained that balances the pole(s) using the
damping fitness for 1000 time steps then Gn is examined over
100 000 time steps and the number of steps it can balance the pole
(s) is calculated. If it balances the pole(s) for 100 000 time steps
the algorithm stops as it has been successful, if however, Gn cannot
balance the pole for 100 000 time steps then the parent of Gn is
mutated four times, each mutated parent becomes a member of
the population. This together with the parent forms the popula-
tion at the next generation. Tables 6–9 represent the average
number of evaluations to successfully balance poles (for 100 000
time steps) of the evolved genotypes in fifty (50) independent
runs, for initial states of zero and random values and for both the
feedforward [8] and recurrent networks with varying network
sizes and mutation rates. Tables 8 and 9 show the evaluations for
the standard and damping fitness functions, where the minimum
average number of evaluations for each experimental scenario is
marked in bold.

5.4. Results and discussion

5.4.1. Single pole: Analysis
Table 3 represents the performance of FCGPANN for the single

pole balancing task at Markovian and non-Markovian cases. In the
Markovian case, the FCGPANN network produces decreasing
number of evaluations as the network size increases. For a 20%
mutation rate the 15�15 FCGPANN network was able to find one
solution in an average of 21 evaluations (5 generations!). While for
the non-Markovian case, the FCGPANN networks were not able to
come up with a solution. It is also observed that networks
initialized with random values take longer (time) to get balanced
as compared to those initialized with zero initial states.

Table 4 shows the performance of the RCGPANN on the single
pole problem using different network parameters when complete
information is provided to the network. Once again solutions with
random initialization of cart-pole variables take longer to evolve
than with zero initialization. Also it is observed that the average
coefficient of variation of a 5�5 network is higher than the other
networks. This means that 5�5 network performs poorer as it
takes a longer time to produce solutions. With increasing network
size the average evaluations of all the RCGPANN networks exhib-
ited random behaviour. Out of the four possible ways of training a
recurrent network, a minimum average evaluation of 17 was
achieved for a 15�15 network with 10% mutation rate. A mutation
strategy (SW ′) that involves mutating the weight of the state units



Table 8
Performance of RCGPANN on double pole: non-Markovian case using standard
fitness function. Columns 4–6 show average number of evaluations in 50 runs
(coefficient of variation).

Network representation Standard fitness Average
of (CV)

Initial
state

Network
arch.

Mutation
rate (%)

S′W ′ SW S′W SW ′

Zero 5�5 10 294
(0.84)

421
(2.49)

705
(3.35)

1481
(3.08)

1.7

10�10 10 216
(0.88)

163
(0.92)

249
(0.84)

285
(1.58)

1.7

15�15 10 231
(1.56)

365
(2.22)

681
(3.22)

257
(0.84)

2.2

5�5 20 469
(1.15)

461
(0.86)

401
(1.46)

733
(1.89)

1.4

10�10 20 317
(0.69)

712
(2.06)

493
(1.18)

549
(1.13)

1.4

15�15 20 409
(0.97)

689
(1.08)

733
(1.04)

697
(1.77)

1.5

Random 5�5 10 1033
(2.11)

1393
(2.59)

3243
(2.16)

3639
(2.57)

2.1

10�10 10 1215
(3.04)

674
(2.14)

1841
(2.97)

2397
(3.54)

2.8

15�15 10 881
(3.78)

969
(1.88)

817
(1.12)

4253
(2.86)

2.6

5�5 20 1789
(1.80)

2061
(2.44)

1853
(1.58)

1489
(1.57)

2.5

10�10 20 1725
(3.03)

2081
(2.38)

3361
(2.14)

2229
(1.43)

2.3

15�15 20 1302
(2.15)

3125
(2.52)

2077
(1.93)

1625
(1.60)

1.9

Table 9
Performance of RCGPANN on double pole: non-Markovian using damping fitness
function. Columns 4–6 show average number of evaluations in 50 runs (coefficient
of variation).

Network representation Damping fitness Average
of (CV)

Initial
state

Network
arch.

Mutation
rate (%)

S′W ′ SW S′W SW ′

Zero 5�5 10 2308
(3.93)

881
(2.89)

809
(2.53)

1353
(2.51)

2.6

10�10 10 1074
(1.91)

1049
(3.29)

1023
(4.44)

621
(3.29)

2.2

15�15 10 429
(1.16)

1401
(4.68)

394
(1.16)

901
(3.46)

2.3

5�5 20 917
(2.2)

981
(2.13)

529
(1.27)

801
(0.98)

3.6

10�10 20 387
(0.83)

889
(1.31)

1117
(2.05)

1677
(3.81)

1.8

15�15 20 450
(1.16)

697
(1.04)

929
(1.15)

1357
(1.33)

1.1

Random 5�5 10 2349
(2.95)

3073
(3.56)

1701
(1.91)

1929
(2.18)

2.9

10�10 10 2184
(2.34)

2181
(3.04)

1695
(2.57)

1569
(2.88)

2.9

15�15 10 1581
(2.07)

949
(1.73)

1692
(3.41)

3429
(3.10)

2.3

5�5 20 4149
(2.52)

2181
(3.80)

4089
(2.25)

2185
(2.32)

2.4

10�10 20 1007
(1.19)

3361
(3.13)

3857
(3.16)

1901
(1.12)

2.8

15�15 20 1409
(2.41)

2121
(2.47)

1705
(1.47)

3765
(2.53)

2.5
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while keeping the switches always enabled (1) gave the best
result.

Table 5 shows the RCGPANN results for the non-Markovian case
with various network sizes and mutation rates.
Out of the four different types of evolutionary mechanisms the
15�15 structure with a mutation rate of 10% produced the
minimum average number of evaluations (55). This is the mechan-
ism (S′W ′) where both the weight and switches of the state unit
are not mutated. This forces the algorithm to produce recurrent
solutions only. Since during evolution the mutation of the weights
of state units and switches is disabled, feedback thus cannot be
removed. So the networks produced are always recurrent. This
shows that these parameters do not affect the ultimate solutions
to a large extent. Similar to Table 4, the average coefficient of
variation for a 5�5 network is higher than the rest of the network
sizes. Thus a 5�5 network requires more evaluations on average
to find a solution than the larger networks. Also it is observed that
the average evaluations for a Markovian case (Table 4) are less
than the non-Markovian case (Table 5). Thus, the solutions in the
non-Markovian case is clearly more difficult to evolve.

5.4.2. Double poles: Analysis
Table 6 demonstrates the performance of FCGPANN on the

double pole for both Markovian and non-Markovian cases. Under
Markovian case, a similar trend in average number of evaluation
was observed as seen in Table 3. Using a mutation rate of 10% with
a network size of 15�15 the FCGPANN network was able to find a
solution in an average of 77 evaluations. While for the non-
Markovian case FCGPANN was unable to find any solution. Similar
behaviour was also observed in the single pole balancing task as
shown in Table 3. Thus for non-Markovian case feedback connec-
tions are required to generate solutions [9].

Fig. 7(a,c) displays the neural network structures of the
FCGPANN and RCGPANN evolved genotypes for the Markovian
and Non-Markovian cases with random initial values respectively.
Fig. 7(b,d) represents the corresponding pole angles and position
of cart simulated for 30 min (100 000 steps are down-sampled to
produce 100 steps for demonstration purpose only), whereas in
Fig. 7(a,c) SU represents the state unit. The State Unit is mathe-
matically expressed as shown in

SUðtÞ ¼ tanhðSUðt−1Þ þ Fðt−1ÞÞ ð17Þ
Eqs. (18) and (19) represent the mathematical expressions for the
network in Fig. 7(a,c):

FðtÞ ¼ tanhð−0:62 _x þ 0:5 _θ1 þ 0:309θ2 þ 0:05 _θ2 Þ ð18Þ

FðtÞ ¼ tanhð−0:336xþ 0:77θ1 þ θ2−0:87SUðtÞÞ ð19Þ
Table 7 shows the average evaluations of the RCGPANN net-

works on the double pole for the Markovian case. Here no clear
trend was observed in the average evaluations when network
structure and mutation rate were varied. Examining the results for
the four different state unit mutation strategies, we observe that
the best results are obtained for CW, where state unit switches and
weight are allowed to be mutated. This scenario produced the best
possible results by solving the task in minimum number of
evaluation on an average. An average of 129 evaluations was
required to evolve successful double pole balancing using a
10�10 network structure with a mutation rate of 10%.

Tables 8 and 9 show the average number of evaluations for the
RCGPANN networks for the double pole non-Markovian cases
using the standard and the damping fitness functions. It is
observed that the RCGPANN network finds solution easily using
the standard fitness as compared to the damping fitness function
since the average number of evaluations in Table 8 is smaller than
in Table 9.

With increasing network size and constant mutation rates the
number of average evaluations shows an apparently random
trend. However smaller networks like 5�5 produced consistently
poorer results by exhibiting high value of average of coefficient of



Tangent 
Hyperbolic

-0.62

0.309

x

O/P0.5

0.05

·

·

Tangent
Hyperbolic

-0.336x

0.77

+1
-0.87

F

SU

0 10 20 30 40 50 60 70 80 90 100

-0.5

0

0.5

4-Input ANN Structure Simulated Result

Po
le

 A
ng

le
 1

-0.5

0

0.5

Po
le

 A
ng

le
 2

-2
-1
0
1
2

No. of Steps (30 mins)

Po
si

tio
n 

of
 C

ar
t

No. of Steps (30 mins)

3-Input ANN Structure Simulated Result

-2
-1
0
1
2

0 10 20 30 40 50 60 70 80 90 100

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100

-0.4

-0.2

0

0.2

0.4

-0.4

-0.2

0

0.2

0.4

·

�1 �1

�2
�2

�2
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Table 10
Comparison of CGPANN with other neuroevolutionary algorithms applied on single
pole balancing task: average number of network evaluations.

Method Markovian Non-Markovian

CNE 352 724
SANE 302 1212
ESP 289 589
NEAT 743 1523
CoSyNE 98 127
FCGPANN 21 –

RCGPANN 17 55
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variation as evident in Table 9. From the four different methods of
evolving the state unit parameters, a network size of 10�10 with
mutation rate 10% was able to find the solution at an average of
163 evaluations for the standard fitness function, while at 20%
mutation rate the 10�10 balanced the poles within 387 evalua-
tions for the damping fitness function.

Table 10 represents the comparison of feedforward and recur-
rent CGPANN with other neuroevolutionary techniques for Mar-
kovian and non-Markovian cases explored on single pole
balancing task. The FCGPANN network has generated solutions at
an average of 21 evaluations and the RCGPANN at an average of 17
evaluations for the Markovian case. FCGPANN was unable to find
any solution at non-Markovian case while RCGPANN produced
solutions at an average of 55 evaluations. The proposed algorithms
clearly outperformed and produce solutions in fewer evaluations,
on average, than all other neuroevolutionary techniques proposed
to date.

Table 11 represents the comparison of feedforward and recur-
rent CGPANN with other neuroevolutionary techniques for both
Markovian and non-Markovian cases for the double pole balancing
task. For the Markovian case the FCGPANN found a solution in an
average of 77 evaluations (15�15 network with mutation¼10%
see Table 6) , while the RCGPANN found a solution in a minimum
of 129 (on an average) evaluations (in 50 runs). The FCGPANN was
unable to produce solution for the non-Markovian case as the
network does not allow feedback connections which is essential
for the computation of velocities [36,10]. For the RCGPANN net-
works the minimum number of average evaluations over 50 runs
was 163 for the standard fitness and 387 for the damping fitness
function. Once again we observe that the average number of
evaluations required to evolve a solution is considerably fewer
than all previously published figures of other neuroevolutionary
algorithms.

It is important to mention that the performance of both the
FCGPANN and RCGPANN is based on a number of parameters
namely mutation rate, network size, number of inputs to each
node, averaging the number of outputs and the functions used.
Thus a more thorough investigation of these parameters are likely
to produce even better results.

5.5. Generalization

In addition to the learning speed of evolution, the robustness of
the proposed neuroevolutionary algorithmwas tested. We examined



Table 11
Comparison of CGPANN with other neuro-evolutionary algorithms in terms of
average number of evaluation required to solve the double pole balancing task.

Markovian Non-Markovian

Standard fitness Standard fitness Damping fitness

CNE 22 100 76 906 87 623
SANE 12 600 262 700 451 612
ESP 3800 7374 26 342
NEAT 3600 – 6929
CoSyNE 954 1294 3416
FCGPANN 77 – –

RCGPANN 129 163 387

Table 12
Generalization of CGPANN: average number of random cart initializations (out of
625) that can be solved.

Algorithm type Markovian Non-Markovian

Single Pole Double Pole Single Pole Double Pole

FCGPANN 590 277.38 – –

RCGPANN 363.94 471.92 294 335.84

Table 13
Comparison of generalization of CGPANN with
other neuroevolutionary algorithms.

Method Value

CE 300
ESP 289
NEAT 286
RCGPANN 335.84

1 Breast Cancer Wisconsin (Diagnostic) Data Set http://archive.ics.uci.edu/ml/
datasets/Breast+Cancer+Wisconsin+(Diagnostic).
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the ability of evolved solutions to generalize in other cases where
network inputs are randomly initialized. We created 625 such
random initial cart and pole(s) states and looked at the manner by
which many evolved networks successfully balanced the pole(s) over
1000 steps.

Table 12 displays the generalization figures of CGPANN under
Markovian and non-Markovian conditions for both single and
double pole balancing tasks. A total of 50 independent evolved
genotypes are tested on 625 random initial states for general-
ization. It was observed that for the single pole Markovian case
RCGPANN scored 363.94 while FCGPANN scored 590. This indi-
cates that the evolved networks are robust solutions and also
confirms that linear problems solved by feedforward networks are
more robust. Using recurrent connections for linear problem adds
noise to the network. This ultimately affects the networks cap-
ability to converge and to produce generalized networks.

For the double pole Markovian case even though the FCGPANN
approach had performed faster in evolving the solution (as shown in
Table 11) the RCGPANN were found more robust with a value of
417.92 as compared to 277.38. This indicates that non-linear pro-
blems are effectively and efficiently handled by recurrent networks
and they are able to produce general and robust solutions.

Table 13 presents the generalization ability of various neuroe-
volutionary algorithms for the double pole balancing scenario for
non-Markovian case using the damping fitness function. It is
observed that the RCGPANN scored 335.84 out of 625 for 50
independent evolved genotypes exhibiting greater generalization
ability as compared to other techniques. This shows that the
solutions (evolved genotypes) can cope with a large number of
different initial conditions and that many solutions exhibit general
behaviour.
6. Case study-II: Application of CGPANN to breast cancer
diagnosis

Breast cancer is one of the leading causes of death in women.
Detection of the disease at an earlier stage can save precious lives.
Different diagnostic tests and procedures are available for it. One
of these is the biopsy of the breast, which is quite painful and
causes discomfort to the patient but is more reliable than others.
Biopsy however is needed in order to ascertain whether a tumor is
benign or malignant. Due to the discomfort associated with the
biopsy, patients often hesitate to visit a doctor until it is too late. A
less invasive test is mammography, in which the radiologist
examines the X-rays of the breast for a possible mass. However
accuracy of this test largely depends on the expertise of the
radiologist and consequently there is a chance that a malignant
lesion is diagnosed as benign or vice versa. Thus it is desirable to
find a low invasive yet reliable test. One such method is the
application of computational intelligence to the data obtained
using Fine Needle Aspiration (FNA) [57].

There are a number of papers reporting the application of
computational intelligence in breast cancer detection [58] includ-
ing the multilayer perceptron [59], radial basis function (RBF)
networks [60], fuzzy classifiers [61,62], clustering algorithms [63],
evolutionary computation [64], principal component analysis [62],
and different kernel-based methods [65].

The work we are presenting in this paper is based on classifica-
tion of two data sets. The first of these is the original FNA data set
[57] while the second one available at WDBC web site1 is the
processed form of the first set. Cartesian Genetic Programming
evolved Artificial Neural Networks (CGPANNs) [66] are used in
separate experiments to classify each of these data sets. The
system takes as input, the FNA data and classifies the case as
either benign or malignant. Before the network can be applied for
diagnosis it must be trained first. The training process consists of
applying to the network, a part of the data from one of the data
sets, that includes the FNA feature parameters and the correspond-
ing classification results (either benign or malignant). Once
trained, the network is capable of diagnosing using unseen FNA
data (not used in training) whether a breast mass is benign or
malignant.

6.1. Previous work

Different methods have been explored to diagnose the breast
cancer. In [67] Genetic Programming (GP) is used for feature
generation using Fischer criterion from a raw data set in a pattern
recognition problem. The features thus extracted are fed to an
ANN for classification.

Fisher Linear Discriminant Analysis (FLDA) and principal com-
ponent analysis (PCA) were previously considered the best feature
extraction methods [68].

In another approach, as discussed in [69] the preprocessed data
from WDBC is fed directly as terminal values to Genetic Program-
ming Algorithm. The output of this is compared with the desired
output and the fitness is computed. A population of individuals is
generated and the best individuals are selected on the basis of
fitness. Genetic operations of crossover and mutation are applied
to these individuals. Following a number of generations, the

http://archive.ics.uci.edu/ml/datasets/Breast+Cancer+Wisconsin+(Diagnostic)
http://archive.ics.uci.edu/ml/datasets/Breast+Cancer+Wisconsin+(Diagnostic)


M. Mahsal Khan et al. / Neurocomputing 121 (2013) 274–289 285
population converges to the solution that best represents the
discrimination function.

In [70] a limited database of mammograms was used to shape
features of the breast masses that were classified by genetic
programming as either benign or malignant. To refine features
applied to the GP classifier, feature-selection methods including
student's t test, Kolmogorov–Smirnov test, and Kullback–Leibler
divergence were used. Land et al. [71] used a modified form of
Fogel's evolutionary programming for evolution of NN for breast
cancer detection. With the same FNA data set that we used they
could achieve an average success % age of about 97.26%. Mu et al.
discuss the application support vector machines (SVMs), radial
basis function (RBF) networks, and self-organizing maps (SOMs)
for breast cancer detection [72] obtaining competitive results.

In SOM-RBF classifier the RBF network processes the clustering
result obtained by the SOM. Experimental results obtained with
the proposed method show a detection accuracy of up to 98%.

Werner et al. in their paper address the problem of how to
obtain a mathematical discrimination function for quantifying the
severity of a disease using genetic programming (GP) [69]. A
detection accuracy of around 96.32% was attained using their
approach. They compared their result of GP with those of West
et al. [73]. They have explored the results for diagnosis of breast
cancer using MLP, general regression (GR), RBF, mixture of experts
(MOE), and other methods.

Hussein et al. [74] discuss an evolutionary artificial neural
network (EANN) approach based on pareto-differential evolution
(PDE) algorithm with local search for breast cancer detection. The
approach is named memetic Pareto artificial neural network
(MPANN). An accuracy of 98.1% was obtained using MPANN.

Majid et al. [58] discussed the benefits of applying support
vector machines (SVMs) and radial basis functions for breast
cancer detection [58]. They compared their results using the
method of L2-SVM/GDVEE(RBF): 98.1% accuracy to those of linear
SVM classifier [67]: 94% , the fuzzy classifier [75]: 95.8%, and the
edited nearest-neighbor (ENN) with pure filtering [76]: 95.6%.

Janghel et al. [77] had compared various neural network
models used for the breast cancer diagnosis. They implemented
six models of neural networks namely: back propagation algo-
rithm, radial basis function networks, learning vector quantization,
probabilistic neural networks, recurrent neural networks, and
competitive neural networks.

Beatriz et al. [78] discuss the Artificial Bee Colony (ABC)
algorithm for optimization of Artificial Neural Network (ANN)
resulting in improved performance and reduced size of the net-
work. Without optimization there is a likelihood that ANN is
trapped in local minima. The synaptic weights, architecture and
transfer function are evolved and also minimum classification
error (CER) and minimum Mean Square Error (MSE) are obtained.
The algorithmwas evaluated besides others with the Breast cancer
data set taken from UCI repository. Beatriz et al. [79] also
implemented the Particle Swarm Optimization (PSO) algorithm
for evolving the synaptic weights, the topology and the transfer
functions of each neuron of an ANN and tested the technique on a
number of nonlinear problems including the breast cancer.
6.2. Diagnostic procedures and data set

The procedure for this test consists of extracting the mass from
the suspected region of the breast cancer patient using Fine
Needle Aspiration (FNA). The mass extracted is examined under
microscope for the following nine features: (1) clump thickness, (2
and 3) uniformity of cell size and shape, (4) marginal adhesion,
(5) single epithelial cell size, (6) bare nuclei, (7) bland chromatin,
(8) normal nucleoli and (9) mitoses [57].
Based on these features the physician decides whether a sample
is benign (non cancerous) or malignant (cancerous), each of these
features has a value between 1 and 10, however no single feature can
be made a basis for decision. The set consists of 699 instances, out of
which 458 are benign and 241 are malignant. A data set of patients
based on these parameters was collected by the physician W.O.
Wolberg from patients at University of Wisconsin hospitals.

However, for machine learning another data set is formed by
processing the digital images of the well differentiated cells of the
masses with a computer, for the following features: (1) Radius,
(2) Perimeter, (3) Area, (4) Compactness, (5) Smoothness, (6) Con-
cavity, (7) Concave points, (8) Symmetry, (9) Fractal dimension and
(10) Texture [72]. The mean value, worst (mean of the three largest
values) and standard error of each feature are computed for each
of these parameters and as such there are a total of 30 feature
values [80]. A patient data set with these feature values and their
results is available at the WDBC web site. The set consists of 569
patterns, out of which 357 are benign and 212 are malignant.

We evaluated our network with data from both of these data
sets. For the first set of experiments the input to the network
consisted of nine features while for the second there were 30
features. In each case there was only one output that has a value of
0 for benign and 1 for malignant. To obtain this, we round to the
nearest integer the real-value output of our network.

6.3. Experimental setup

In these experiments we used a population size of ten. The
evolutionary algorithm begins with the generation of ten random
genotypes. Each genotype is transformed into phenotype (encoded
network), the input data from the training data set is applied and
the phenotype evaluated for its fitness by comparing it with target
data. Error for each genotype is calculated and the best genotype
(having the least error) is promoted to the next generation. The
parent genotype and randomly mutated copies of it make the next
population. The mutation rate is set at 10% for all the experiments.
The number of rows is set to one, meaning that the number of
columns is equal to the number of nodes. The process continues
from generation to generation until the error or the number of
generations reduces to its corresponding pre-set value.

6.4. Error calculation

We have allocated ten outputs from the CGPANN. The outputs are
averaged and compared to a threshold of 0.5 (output of Neuron is in
the range of 0 and 1), if the averaged output is equal to or greater
than 0.5 the CGPANN classifies the sample as malignant (1), other-
wise it classifies the sample as benign (0). All the predicted outputs
are then compared with the actual target, and the total error is
calculated along with Type-I and Type-II errors (see in next para-
graph). From this the percentage error is calculated for each category.
This is the indication of how accurate the system prediction is.

There are two types of errors, Type-I and Type-II. In Type-I
error a benign sample is falsely classified as malignant, while in
Type-II error a malignant sample is falsely classified as benign. The
second type is a more catastrophic mistake. The sum of errors
resulting from the application of complete training data to a
genotype gives the fitness of that genotype in terms of the total
error. All the genotypes of the population are evaluated in this way
and passed on to the next generation. We calculate the total error,
error for type-I and type-II, using the following formulae:

Total Percentage Error¼ Fitness of the genotype
ðtotal number of false predictionsÞ � 100=Nt

Type�I Percentage Error¼NT�I � 100=Nt

Type�II Percentage Error¼NT�II � 100=Nt



Table 14
Table of results for various maximum number of nodes, inputs per node (arity) for a
single run. The training data set used data for 200 patients and the test data set
used data from 200 different patients.

Number
of nodes

Number of
inputs per
node

Training
accuracy
(%age)

Testing
accuracy
(%age)

Testing
Type-1
accuracy
(%age)

Testing
Type-2
accuracy
(%age)

100 5 98.5 95.5 97.5 98
10 97 95 97.5 97.5
15 98.5 95.5 98 97.5
20 98.5 96 98 98
25 98.5 94.5 95.5 99
30 98.5 96 97.5 98.5
35 99 95 95.5 99.5
40 98.5 94 96.5 97.5

200 5 98 97 98.5 98.5
10 97.5 95.5 97.5 98
15 97 92.5 93.5 99
20 99 96 97.5 98.5
25 98 95 96 99
30 97.5 95 96.5 98.5
35 99.5 96.5 97 99.5
40 99.5 97 98 99

300 5 98 95 95.5 99.5
10 98 96 97.5 98.5
15 99 94.5 96.5 98
20 98.5 95 97 98
25 99.5 98 99 99
30 96 95 96 99
35 99.5 95.5 96.5 99
40 99 95 96 99
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whereas Nt¼Total number of samples diagnosed, NT�I ¼Number
of benign patients diagnosed as malignant, NT�II ¼ Number of
malignant patients diagnosed as benign:
Table 15
Cross-validation average results of various sets of patient data (FNA data set with
thirty features) over ten independent runs each.

Data
set

Training
accuracy
(%age)

Testing
accuracy
(%age)

Testing Type-1
accuracy (%age)

Testing Type-2
accuracy (%age)

1 97 93 95 98
2 99 95 96.5 98
3 98 95 98 96.5
4 99 95 98 96.5
5 99 95 96.5 98
6 98 98 100 98
7 98 98 98 100
8 97 98 98 100
9 98.5 95 96.5 98
10 99 95 95 100

Average 98.5 96 97 98.5
6.5. Results and analysis

In order to evaluate the algorithm, initially we ran 24 experi-
ments with different morphologies of the network in terms of the
maximum number of nodes and number of inputs per node. The
best result obtained so far has one error while training with 200
cases i.e. 99.5% successful training. We ran all the experiments for
one hundred thousand generations. Once the training was com-
plete, we tested the evolved model on another set of 200 test cases
and the best results obtained gave 4 errors out of 200 cases thus
giving 98% accuracy as a whole. Table 14 shows the results
obtained for all the cases with number of nodes 100, 200 and
300 and the corresponding number of inputs per node varying
from 5 to 40 with a step size of 5. The data for both training and
testing is selected randomly from the complete set for all the
experiments.

Table 14 demonstrates a promising trend in the results with an
average accuracy of 96%. It is encouraging that in these experi-
ments most of the errors are of Type-I (99%, two errors out of two
hundred samples) which falsely classify benign sample to be
malignant, while the maximum number of Type-II errors is only
1 (99.5% accurate). This means that there is very little probability
that a patient having malignancy would be classified as healthy
which would be a serious error in comparison to the case that a
healthy person be classified as having cancer. The latter would
merely indicate that more tests were required.

Table 17 compares the results of all previously published
methods using the WDBC data set with 30 features, with the
results obtained through CGPANN using the same data set, while
Table 18 compares the results of all previous published methods
using the original data set that has nine features with the results
from CGPANN using the same data set. This clearly demonstrates
the accuracy of CGPANN.
7. Further analysis

In order to evaluate and compare CGPANN with other algo-
rithms we arranged the experimental setup such that it complied
with the previously published work. In order to do this, we
arranged the data for ten (10) fold cross validation. In this method
each data set is divided into 10 blocks of approximately equal size.
The data is then shuffled to create ten different data sets. At the
end the network is trained with the 9 blocks and tested with the
tenth (10th) block. After arranging the data, we selected the best
optimal network as highlighted in Table 14 with 200 nodes and 35
inputs per node as the base parameters.

The 10 fold cross validation was performed with the data sets
containing 30 features as well as that containing nine features. In
the first case the nine block data set represent 512 patients data
samples with each sample having 30 feature inputs and one
output. The network was trained with this data and then tested
with the remaining 57 samples. During training we adjusted
various network parameters (weights and topology) in hundred
thousand generations in order to obtain the best possible model.
This process of training and testing was repeated for the other
shuffled data sets as well, and their average training and testing
accuracy were calculated. The above procedure was repeated ten
times, each time with a different seed for the random number
generator used for making the initial population. Table 15 shows
the result of the experiments run using this data set.

In the second case we applied the same 10 fold cross validation
procedure for the FNA data set that contains nine features. In this
case the 699 patient samples were divided into 10 data blocks of
about 70 each. Table 16 shows the results of the experiments run
with this data set.

From these tables it is evident that the network does perform
well on an average and attains 100% accuracy at times for both
type-I and type-II cases. The most encouraging aspect is that type-
II error averages at 98.5% which shows the strength of algorithm in
avoiding the misclassification of malignant cases as benign.
8. Conclusion and future work

In this paper a fast learning neuroevolutionary algorithm based
on Cartesian genetic programming (CGPANN) of both feedforward
(FCGPANN) and recurrent (RCGPANN) architecture was proposed.



Table 16
Cross-validation average (ten seeds) results of various sets of patient data (FNA data
set with nine features) over ten independent runs each (total hundred (100)
experiments).

Data
set

Training
accuracy
(%age)

Testing
accuracy
(%age)

Testing Type-1
accuracy (%age)

Testing Type-2
accuracy (%age)

1 98.41 98.62 98.57 99.84
2 99.21 97.94 99.05 100
3 99.21 97.78 99.21 100
4 99.21 97.78 99.21 100
5 99.29 98.15 99.29 100
6 98.57 97.78 98.57 100
7 99.29 97.94 99.29 100
8 99.29 97.99 99.29 100
9 99.21 98.15 99.21 100
10 98.57 97.78 99.21 99.21
Average 99.02 97.99 99.09 99.90

Table 17
Comparison of Mean Absolute Percentage Errors (MAPE) obtained using various
classification methods using the processed FNA data from WDBC that contains 30
features.

No. Method Mean (MAPE) References

1 MLP 95.56 [67]
2 SVM 93.95 –

3 FLDA/MLP 90.92 –

4 PCA/MLP 92.02 –

5 GP/MDC 96.58 –

6 SOM-RBF 98 [72]
7 MLP 95.7206 [69]
8 GR 96.7647 –

9 RBF 97.0441 –

10 MOE 96.2941 –

11 LDA 96.33968 –

12 Logistic 97.2182 –

13 K neighbour 96.7789 –

14 Kernel 95.022 –

15 GP - Test average 96.3235 –

16 L2-SVM/GDVEE (RBF) 98.1 [58]
17 SVM (linear) 94.0 –

18 SVM (RBF) 97.7 –

19 Fuzzy 95.8 –

20 ENN 95.6 –

21 CGPANN 97 for Type-I and Proposed
98.5 for Type-II Solution

Table 18
Comparison of Mean Absolute Percentage Errors (MAPE) obtained using various
classification methods using the FNA data with nine features.

No. Method Mean (MAPE) References

1 EPNet 97.254 [71]
2 MPANN 98.1 [74]
3 BP A 98.14 [77]
4 RBF 89.96 –

5 LVQ 46.10 –

6 PNN 97.77 –

7 RNN 97.77 –

8 CL 64.31 –

9 NLCS with GA 97.0 [81]
10 NegBoost with λ¼ 0 98.3 [82]
9 CGPANN for Type-I and Proposed

for Type-II Solution
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The algorithm was tested on the pole-balancing benchmark and
for the diagnosis of breast cancer.

The results presented in this paper demonstrate that CGPANN
extends the powerful and flexible representation of CGP to the
evolution of neural networks. It was observed that FCGPANN and
RCGPANN generated solutions with fewer evaluations on an
average for pole balancing tasks as compared to other published
techniques. Adding recurrency to the CGPANN network improved
the performance of the network by finding solutions to non-linear
and non-Markovian states. Simulation results demonstrate that
the FCGPANN and RCGPANN produce robust controllers with
better generalization ability than other methods reported in the
literature to date. Clearly CGPANN is highly competitive with
established neuroevolutionary techniques such as NEAT, SANE,
ESP and CoSyNE.

We have also observed the fast learning capabilities of CGPANN
in the accurate diagnosis of Breast cancer. The work presented
shows promising results and can be explored further for mammo-
gram analysis in addition to FNA data classification. This will need
extra effort and some preprocessing of the mammograms images
before being supplied to the CGPANN classifier.

Future work in CGPANN also involves a detailed analysis by
modifying the CGPANN algorithm to incorporate levels back
(a connectivity parameter in CGP), the neuron arity, adaptive
mutation rate and adaptive network size. Also modular ANNs
using Embedded CGP [20] can be investigated. CGPANN will also
be applied on a range of AI problems to explore its capability in
diverse application domains.
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