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Abstract

The two-bit multiplier is a simple electronic circuit,
small enough to be evolvable, and practically useful for
the implementation of many digital systems. In this paper,
we study the structure of the two-bit multiplier fitness land-
scapes generated by circuit evolution on an idealised model
of a field-programmable gate array. The two-bit multiplier
landscapes are challenging. The difficulty in studying these
landscapes stems from the genotype representation which
allows us to evolve the functionality and connectivity of an
array of logic cells. Here, the genotypes are simply strings
defined over two completely different alphabets. This makes
the study of the corresponding landscapes much more in-
volved. We outline a model for studying the two-bit multi-
plier landscapes and estimate the amplitudes derived from
the Fourier transform of these landscapes. We show that the
two-bit multiplier landscapes can be characterised in terms
of subspaces, determined by the interactions between the
genotype partitions.

1. Introduction

Evolving a fully functional two-bit multiplier in a con-
figuration of logic cells is a simple case of digital circuit
evolution, recently studied in the nascent field of evolvable
hardware [13, 26, 15]. The two-bit multiplier is a simple
electronic circuit, small enough to be feasible for evolution-
ary design, and practically useful as a fundamental build-
ing block used in the synthesis of many digital systems.
Examples of evolved two-bit multipliers have been given
in [13] where it was suggested that the design of digital
circuits on a gate array in general can be implemented in
terms of thefunctionalityandrouting of the array [12, 11].
These terms refer to the logic functions utilised in the ar-
ray's cells, and the connections between the inputs, cells

and outputs, respectively, which are then encoded in ageno-
type. This important stage in modeling circuit evolution of-
ten predetermines the likelihood of success in solving this
optimisation task. Recently, various genotype representa-
tions have been proposed and different aspects for attaining
efficient evolutionary design of digital circuits have been
discussed [12, 11]. Here, we study the evolutionary syn-
thesis of the two-bit multiplier in terms of the structure of
its fitness landscapes based on the genotype representation
proposed in [11], and explicitly studied in [22]. The moti-
vation behind this research is to understand the feasibility
of evolving digital circuits - what are the impediments and
the limiting factors?

We consider the evolutionary design of the two-bit mul-
tiplier as a search on a fitness landscape. The two-bit mul-
tiplier landscapes are quite different from many recently
studied landscapes [9, 24, 5]. The difference originates
in the structure of the genotypes which are strings defined
over two completely different alphabets which are respon-
sible for the functionality and connectivity of the array
of logic cells. It gives rise to a complicatedmixture of
epistasis characteristics of the genotype which makes the
study of the corresponding landscapes much more convo-
luted. In [22] a model for studying the structure of circuit
evolution landscapes is introduced and autocorrelations are
measured. The two-bit multiplier landscapes were defined
over three spaces which generate sub-landscapes with dif-
ferent ruggedness. These are strongly dependent on the in-
teractions between the genotype partitions which represent
the functionality, internal, and output connectivity of the
evolved circuit. In order to attain a greater understanding
of the relationships between the genotype partitions, we ap-
ply amplitude spectra analysis. This is a method based on
the idea that the ruggedness of a fitness landscape can be es-
timated by studying the amplitude spectrum obtained from
the Fourier transform of the landscape [18, 6].

The next section introduces the concept of fitness land-
scapes and the amplitude spectra analysis used in the re-



mainder of the paper. Section 3 explains the genotype rep-
resentation used. In section 4 the model of the two-bit mul-
tiplier landscapes is described. The structure of the land-
scapes are studied in section 5 with an analysis of the re-
sults. Finally, we give conclusions and suggestions for fu-
ture work.

2. Fitness Landscapes

The notion of afitness landscape, introduced by Wright,
has become an important concept in evolutionary computa-
tion [25]. The metaphor is taken from biology and it ex-
presses the idea that evolution can be considered as a pop-
ulation flow on a surface in which the altitude of a point
qualifies how well the corresponding organism is adapted
to an environment. In evolutionary computation the fitness
landscapes are simply search spaces with elements called
phenotypeswhich are represented by theirgenotype. The
genotype is a sequence of elements taken from a finite al-
phabet. Afitness valueis assigned to each genotype and
the evolutionary algorithm refers to these values when de-
ciding which phenotypes are to survive and reproduce. The
fitness value of a genotype is evaluated by afitness func-
tion, f , which measures howgoodthe encoded phenotype
is. The population of genotypes flow on a landscape guided
by an evolutionary operator. So, the genotype represen-
tation, the neighbourhood relation provided by the evolu-
tionary operator, and the fitness function define the struc-
ture of a fitness landscape [8, 18, 21], which reflects on the
ability of the evolutionary algorithm to search. It has been
shown that search is difficult on rugged low correlated land-
scapes [9, 10, 14].

The ruggedness of a fitness landscape can be estimated
by studying the amplitude spectrum obtained from the
Fourier transform of the landscape [18, 6]. The amplitude
spectra analysis was outlined by [18] who suggested that
the amplitudes of a landscape convey information about
the landscape ruggedness. The idea was adopted by [16]
who showed that better evolutionary search might be at-
tained by investigating sub-populations on sub-landscapes
which are smoother than the original one. The analysis is
based on the graph model of landscapes intensively studied
in [18, 21]. A fitness landscape,L, is formally defined as
a graphGf with vertices, the genotypes labelled with fit-
ness values, and edges defined by the evolutionary opera-
tor, �. If we consider that the genotypes are strings with
lengthn, defined over alphabet with sizel then the land-
scape isL = (Gf ; f; �) where the underlying graph for one-
point mutation and crossover are the Hamming hypercube
Gnl = (V;E), and the P-structure(V;R), respectively. The
setsV andE represent the vertices and edges ofGf , respec-
tively. The P-structure is identified byR:V � V ! P (V )
which maps each pair of parents into a set of offsprings [21].

In [18] it was shown how a landscape can be represented
as a superposition of elementary sub-landscapes. Each sub-
landscape contributes to the structure of the original land-
scape by its component k, a normalised eigenvector of the
Fourier series, where the component is amplified by a cer-
tain amplitudeBk. The amplitudes,Bk, uniquely specify
the structure of the fitness landscape. EachBk measures
the influence of the interaction of orderk on the fitness
function. Hence, the landscapes are more rugged when the
amplitudes are high for higher values ofk. For instance,
Stadler and Happel [20] showed that only the firstk + 1
amplitudes contribute to the spectrum of onepoint mutation
Nk landscapes (the adjacent neighbourhood model). The
amplitudes of a given landscape can be obtained by solving
the system

�(s) =
X
k 6=0

Bk(1�
�k

�
)s; (1)

where�k are the eigenvalues, and�(s) is the autocorrela-
tion function of the landscape. The parameter� is the ver-
tex degree of the onepoint mutation underlying graph [18].
When a crossover landscape is explored, the parameter� be-
comes1 due to normalisations in the definition of the graph
Laplacian of the underlying P-structure [21]. The autocor-
relation function can be estimated by measuring the auto-
correlations of time series obtained via random walk [24].
The autocorrelation function is

�(s) =
E[ftft+s]�E[ft]E[ft+s]

V [ft]
; (2)

whereE[ft] andV [ft] are the expectation and the variance,
respectively, of the time series,fftgnt=0. Following [18, 21]
the eigenvalues�k of the graph Laplacian of onepoint muta-
tion and uniform crossover graphs can be easily calculated
as

�k = kl (3)

and

�k = 1�

�
l + 2

2l

�n�
(l � 1)(l + 1)� 1

(l � 1)(l + 2)

�k
(4)

respectively. In [6] it was suggested that the straightfor-
ward solution of the system described in equation 1 does
not yield a satisfactory accuracy in the obtained results. In
order to obtain accurate approximation, they proposed the
steepest descent technique [2] (pp. 614-620) that iteratively
minimises the sum of squared errors in the system. The
stop criterion of the steepest descent algorithm is related to
a certain tolerance which in this paper is0:00001.

3. Designing the Digital Circuit Evolution

In [13] digital circuits are evolved using a genetic al-
gorithm [4]. In short, a population of individuals is main-



tained, the genotypes of which are initially generated at ran-
dom. The fitness value of each individual is evaluated, by
calculating the percentage of total correct outputs of the en-
coded electronic circuit in response to appropriate inputs.
Then a new population is generated by applying uniform
crossover with probability0:5 and onepoint mutation to in-
dividuals selected from the parent population. Tournament
selection (size 2) is used in which the winner of the tourna-
ment is chosen with a certain probability. Here we consider
that the fitness values have been scaled in the interval[0; 1].

In this paper, we consider a genotype representation
based on that proposed in [11], and explicitly studied
in [22]. The genotype is a composition of two different
types of genes which are responsible for functionality and
routing of the evolved gate array. It is important to note that
the representation is restricted to allow only feed-forward
circuits since only combinational design is considered. An
example ofn�m gate array withnI inputs andnO outputs
is given in Figure 1.

C11 C12 C13 C1m

C21 C22 C23 C2m

C31 C32 C33 C3m

Cn1 Cn2 Cn3 Cnm

I1
I2
I3

In I

O1

O3

O2

On O

inputs

cells internal connections

outputs

(a)

C11 C12 Cnm

logic function

input connections

cells

outputs

(b)

Figure 1. The genotype-phenotype mapping:
(a) a n � m geometry of logic cells with nI
inputs and nO outputs, and (b) the genotype
structure of the array.

The gate array is a composition of cells where each cell
may have the function of an allowed two-input logic gate or
alternatively a 2-1 multiplexer (two input plus a single con-
trol input). The cells allow up to25 logic functions, where
the first sixteen are all boolean functions of up to two argu-
ments (see [1]) and the remainder are the six possible basic

universal-logic-gate 2logic functions (capable of realising
all functions ofn � 2 inputs) as given in [3], some of them
taken several times with differently inverted inputs.

The internal connectivity in the gate array is specified by
the connections among the array cells. The inputs of each
cell are only allowed to be the array inputs or the outputs
of cells with lower column numbers. The array connec-
tivity is related to thelevels-backparameter which deter-
mines the neighbourhood size of the cells. Hence, if we
assume that the gate array inputs are outputs of cells with
column number0 and the levels-back parameter isL, then
the inputs of cellsfcijg8i;j are chosen from all possible out-
puts of ”preceding” cells with column numbersj0 for which
j

00

� j0 < j wherej
00

= j �L if j > L, otherwisej
00

= 0.

The gate array output connections are specified in a sim-
ilar way. They could be any outputs of cells or array inputs
which come from the array outputs neighbourhood given by
the levels-back parameter. Consider, for instance, the gate
array in Figure 1. If the levels-back ism+ 1 then the array
outputs can be any of the outputs of cellsfcijg8i;j and the
gate array inputs. On the contrary, if the levels-back is1
then only the cells of columnmmay contribute to the array
outputs.

The genotype construction is straightforward. We num-
ber all inputs and cells of the gate array with integers in the
following way: each array inputIk is labelled withk � 1
where1 � k � nI , and each cellcij is labelled with
nI + n(j � 1) + i � 1 where1 � i � n and1 � j � m.
For instance, if the gate array has5 inputs the first cell has
number5 since the last array input is labeled with4. So,
the genotype consists of two parts. The first part is split
into groups of four integers where each group codes one
cell of the gate array. The first three values of each group
represent the points to which the inputs of the gate are con-
nected. If the gate is two-input, then the third connection is
not taken into account. The last value of the group repre-
sents the logic function of the gate. The second part of the
genotype is a sequence of integers that represent the labels
of the cells connected to the gate array outputs. An example
of the genotype structure is given in Figure 1 (see also [22]).
The correspondingphenotypeof an evolved 2-bit multiplier
is illustrated in Figure 2. The figure reveals the construction
of the circuit in the gate array with respect to the genotype
representation. Each cell in the array is depicted by a box
where the number in the top-right corner is the cell's label.
Thus, the relationship between the phenotype and its geno-
type could be easily revealed. Obviously, the circuit is not
the optimal one, since the optimisation task is defined on
4 � 4 array. Examples of much better solutions for 2-bit
multiplier are given in [13] where examples of “adders with
carry” and other combinatorial circuits are given (for 2-bit
and 3-bit multipliers consisting of 7 and 24 two-inputs logic
gates, respectively, see [22]).
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Figure 2. A two-bit multiplier evolved on 4� 4
gate array with levels-back set to 2.

4. The Structure of Circuit Evolution Land-
scapes

We consider that the genotype is a composition of three
different parts which are responsible for first, the gates func-
tionality, second, the array internal connectivity, and third,
the array outputs. The reason for splitting the genotype into
parts is the difference in the purposes of the parts. For con-
venience, we adopt the termchromosometo mean a geno-
type part. The chromosomes have different lengths and they
are defined over two different alphabets. The “gate func-
tionality” chromosomes are strings over alphabet� with
length the number of gates. The alphabet sizel� is the
number of allowed logic functions used in the circuit de-
sign. The “internal connectivity” and “array outputs” chro-
mosomes are defined over alphabet�, and they are strings
with length the number of gates and the number of array
outputs, respectively. The alphabet� is related to the size
of the neighbourhood of the cells and array outputs, which
is dependent upon the levels-back parameter. The alpha-
bet is a set of integers, which are reference numbers of the
elements of a neighbourhood. Hence, the size of� is

l� =

�
nL; if L � m

nm+ nI ; otherwise
; (5)

wheren is the number of rows,m is the number of columns,
nI is the number of inputs of the gate array, andL is the
levels-back.

A major difficulty in studying the structure of circuit evo-
lution landscapes stems from the genotype structure. It de-
termines a complicatedmixtureof epistasis characteristics
of the genotype which is almost insurmountable impedi-
ment if we consider the genotype as an inseparable chain.

The landscapes are highlynon-isotropicwhich was also
revealed by measured autocorrelations of random walks.
We performed vast numbers of random walks with length
100; 000 and we observed that the autocorrelation functions
differed from each other in a significantly wide range. In
order to avoid the vagueness in the definition of our land-
scapes we split the genotype space into three partitions as
was done in [19].

Since each genotype consists of three chromosomes we
assume that the original landscape for a given genetic op-
erator is a superposition of three configuration spaces de-
fined over alphabets� and�. We define the hypercubes
Gnml� , G3nml�

, andGnOl� to represent the configuration spaces
of the chromosomes responsible for functionality, connec-
tivity, and output connections, respectively. Let� denote a
genetic operator. For each hypercube we define a family of
landscapes that represents the genotype space with respect
to the hypercube. The landscapes are

(1) fGfi ; fi; �g
l
3nm+nO
�

�1

i=0

(2) fGgi ; gi; �g
lnm� l

nO
�

�1

i=0

(3) fGhi ; hi; �g
lnm� l3nm� �1

i=0 : (6)

The graphsGfi , Ggi , andGhi are obtained by assigning each
vertex fromGnml� , G3nml�

, andGnOl� , respectively, with a fit-
ness value. The fitness values are provided by fitness func-
tionsffig8i, fgig8i andfhig8i which are defined as follows

(1) 8i(ci 2 G
3nm
l�

� GnOl� );

8x 2 Gnml� : fi(x) = F (x � ci)

(2) 8i(ci 2 G
nm
l�

� GnOl� );

8x 2 G3nml�
: gi(x) = F (x � ci)

(3) 8i(ci 2 G
nm
l�

� G3nml�
);

8x 2 GnOl� : hi(x) = F (x � ci): (7)

The functionF is defined over the genotype space (the op-
erator “�” is considered to merge the strings in a special way
so that the genotype structure as given in Figure 1 is main-
tained) and it evaluates the percentage of correctness of the
represented circuit. Note that for each family of landscapes
we have a group of fitness functions, and each fitness func-
tion estimates only a part of the genotype. Hence, its index
is determined by the constant stringci which is the remain-
der of the genotype.

5. The Ruggedness of Two-Bit Multiplier
Landscapes

In this section, we study the two-bit multiplier fitness
landscapes generated by onepoint mutation and uniform



crossover with probability0:5. The two-bit multiplier is
evolved on4� 4 gate array where the levels-back is2 and
the allowed functional gates are the first21 logic functions.
The number of the array inputs is4. In [22] we measured
autocorrelations with respect to the functionality, internal
connectivity, and output connectivity of the gate array. We
showed that the functionality landscapes are more rugged
than the output connectivity landscapes, but smoother than
the internal connectivity ones. Our results also revealed
that the uniform crossover landscapes are very rugged, and
therefore, difficult for evolutionary search. Here we go fur-
ther. We measure the amplitudes of two-bit multiplier land-
scapes with respect to functionality, internal connectivity,
and output connectivity of the evolved gate array and study
the relationships between these gate array characteristics.
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Figure 3. The structure of functionality land-
scapes: the distribution of estimated ampli-
tude spectra by classes, for both, (a) onepoint
mutation and (b) uniform crossover.

To gather statistics of the landscapes on the outlined
landscape families we performed1; 000 random walks per
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Figure 4. The structure of functionality land-
scapes: the representative of the largest
class (Figure 3), for both, (a) onepoint mu-
tation and (b) uniform crossover.

family, each of them with length100; 000. The initial geno-
types were chosen randomly, with fitness values uniformly
distributed in the interval[0; 1]. Thus, for each family
of landscapes, we performed random walks on1; 000 in-
stances. The random walk on the mutation landscape is im-
plemented as follows: start from a randomly chosen point
on the landscape, generate all neighbours of the current
point by mutation and evaluate their fitness values, choose
randomly one neighbour and record its fitness, generate all
neighbours of the new point, which becomes “current”, and
so on [24]. The random walk on the crossover landscape is
different. In this case, the random walk is implemented by
mappingR, (section 2, see also [21] (pp. 248)). The algo-
rithm is given by [23] and can be described as follows: start
with an arbitrary pair of parents, generate a set of offsprings
by R (applying the crossover operator) and evaluate their
fitness values, from those choose randomly one (record its
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Figure 5. The structure of functionality land-
scapes: the representative of the most
rugged subspaces, for both, (a) onepoint mu-
tation and (b) uniform crossover.

fitness) and mate it with a randomly chosen genotype, etc.
until the termination conditions are satisfied. The walks
were performed with respect to the investigated genotype
partitions. We calculated the amplitudes, using the steepest
descent method for different starting points, and the results
were not noticeably influenced by the start point. Thus, for
each landscape family the estimated amplitudes were found
to depend solely on the remainder of the genotype. This
was expected, since relations between the functionality, in-
ternal and output connectivity of the array exist. In order
to explore this relationship we employed a classification al-
gorithm by which groups of similar amplitude spectra were
identified. The method, similar to that employed in [7], is
based on thecrystal algorithmgiven by [17]. The algo-
rithm starts with a class containing a single vector (ampli-
tude spectrum), and it expands, when the Euclidean distance
between a non-classified vector and a class representative is

less than a certain tolerance. The class representative is a
vector with components averaged over all instances of the
class. When a vector is classified, a procedure for shrinking
the class is started which checks whether the distance be-
tween the new representative and the elements of the class
is less than the tolerance, mentioned above. In our experi-
ments, the tolerance was set to0:001.
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Figure 6. The structure of internal connectiv-
ity landscapes: the distribution of estimated
amplitude spectra by classes, for both, (a)
onepoint mutation and (b) uniform crossover.

The results for functionality, internal, and output connec-
tivity are depicted in Figures 3–5, 6–8, and 9–11, respec-
tively. The figures represent the distribution of estimated
amplitude spectra by classes (Figures 3, 6, and 9), the rep-
resentative of the largest class (Figures 4, 7, and 10), and
the representative of the most rugged subspaces (Figures 5,
8, and 11), for both, (a) onepoint mutation and (b) uniform
crossover. It is shown that the functionality and input con-
nectivity crossover landscapes are very rugged since spec-
tra with non-zero amplitudes for all values ofk were found,
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Figure 7. The structure of internal connec-
tivity landscapes: the representative of the
largest class (Figure 6), for both, (a) onepoint
mutation and (b) uniform crossover.

which explains why the autocorrelations of these landscapes
were low [22]. On the contrary, the output connectivity
crossover landscapes are much smoother since only the first
two amplitudes contribute to their ruggedness.

The amplitude spectra of the mutation landscapes are
different. The figures reveal that only the first7, 12, and2
amplitudes may respectively contribute to the ruggedness of
functionality, internal, and output connectivity landscapes.
This also explains why the internal connectivity landscapes
are much more rugged than the other ones. We surmise
that the number of non-zero amplitudes of functionality and
internal connectivity landscapes are strongly related to the
levels-back parameter. The amplitude spectra of the output
connectivity landscapes generated by mutation suggest that
the landscapes are smooth, and therefore, easy for search.

The relationship between the functionality, internal, and
output connectivity of the array is revealed by the ratio
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Figure 8. The structure of internal connec-
tivity landscapes: the representative of the
most rugged subspaces, for both, (a) one-
point mutation and (b) uniform crossover.

of the number of identified classes, which is15: 21: 6 and
4: 9: 3 for mutation and crossover, respectively. We noticed
that the ratio does not change significantly when the classi-
fication is performed with a lower tolerance. Therefore, the
structure of internal connectivity landscapes most strongly
depend on the functionality and output connectivity chro-
mosomes.

Figures 7 and 8 reveal that the amplitude spectra of the
typical and most rugged subspaces of the internal connec-
tivity landscapes differ each other in a significant range. It
is also valid for the crossover functionality landscapes (Fig-
ures 4 and 5). It indicates that a relationship between the
structure of the outlined landscape families and the epis-
tasis of the corresponding genotype partitions exist. For
instance, the structure of output connectivity landscapes,
characterised in Figures 9–11, is only slightly dependent on
the remainder of the genotype. The figures reveal that the
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Figure 9. The structure of output connectivity
landscapes: the distribution of estimated am-
plitude spectra by classes, for both, (a) one-
point mutation and (b) uniform crossover.

more rugged landscape is, the stronger the dependence on
the structure of the other landscapes.

6 Conclusions

The aim of this work is to study the feasibility of evolv-
ing digital circuits on an array of logic gates. Figures 3–5
and 6–8 indicate that the uniform crossover is not the right
operator for evolving the functionality and internal connec-
tivity of an array of cells, since the corresponding land-
scapes are extremely rugged. The ruggedness is due to the
non-zero contribution of all amplitudes in the entire spec-
trum, especially noticeable for the more rugged functional-
ity and internal connectivity landscapes. On the contrary,
the amplitude spectra of the mutation landscapes reveal that
these landscapes have only contributions of the first several
amplitudes. Consequently, the mutation landscapes appear
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Figure 10. The structure of output connec-
tivity landscapes: the representative of the
largest class (Figure 9), for both, (a) onepoint
mutation and (b) uniform crossover.

to be relatively smooth, and therefore, they are feasible for
evolutionary search.

The paper gives a rise of several questions for future re-
search. How are the amplitude spectra of the two-bit mul-
tiplier landscapes related to the characteristics of the cir-
cuit? How will our findings relate to the much more difficult
problem of evolving the three-bit multiplier?
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